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1 Exercise Explanation

1.1 Exercise 1: Flow is ajective

Figure 1: Flow example for Ex1

If the flow is injective, from the figure 1, we can have the following relations
by the definition of flow:

i ∼ f(i) i � f(i) (1)

j ∼ f(j) j � f(j) (2)

f(i) = f(j) (3)

Equation 1 implies i � j (because j is the neighbor of f(i)/f(j)). At the
same time, equation 2 implies j � i (because i is also the neighbor of f(i)/f(j)).
Here we have a contradiction. So the flow is ajective.

1.2 Exercise 2: Write flow theorem expression in CMEN
form

We can write down the pattern by flow theorem:

i∏
�

∏
j∼f(i)

ZSi
j X

Si

f(i)M
αi
i EGNIc =

∏
(CM)EN (4)
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Figure 2: Flow example for Ex2: solid-line arrows in the figure represent the
flow; dotted-line arrows represent the correction: X correction works on the
vertex in the flow (f(i)) and Z correction works on the neighbors of this vertex
(j). f−1(i) represents the previous flow vertex of i.

If we expand the equation above:

...M
αj

j

∏
j∼f(i)

ZSi
j X

Si

f(i)M
αi
i ... = CMCMCM ...CMEN

Recall the absorption formulas:

Mαi
i XS

i = M
(−1)Sαi

i = [Mαi
i ]S

Mαi
i Zti = Mαi+tπ

i = t[Mαi
i ]

We can use the absorption rules in this way:

C(MC)(MC)...(MC)MEN (5)

So the part (MC) can be rewritten in the following steps: 1.To make the relation
more clear, we can replace the relationship between i, f(i) and j by l, k = f(l) =
f−1(i) and i:

M
αj

j

∏
j∼f(i)

ZSi
j X

Si

f(i) = Mαi
i

∏
i∼f(l)

ZSl
i X

Sl

f(l)

2.Use the absorption rules:

Mαi
i

∏
i∼f(l)

ZSl
i X

Sl

f(l) =
∑

f(l)∼l Sl [Mαi
i ]Sf−1(i)

Now we talk about the last M in the equation 5:
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the last M here is the measurement for the input qubit, since there has no
flow before it, so there has no correction to absorb for the input qubit. The
convention for input qubit is that f−1(i) is empty meaning of Sf−1(i)i∈I = 0,
which means that we can also use the (MC) formula to the last M.

The first part left in equation 5 is the correction on the output qubit which
will not be measured: ∏

i∈Output
Z

∏
f(l)∼l Sl

i X
Sf−1(i)

i (6)

So we can rewrite the formula in the CMEN form:

(
∏

i∈Output
Z

∏
f(l)∼l Sl

i X
Sf−1(i)

i )(
∏

i/∈Output

∑
f(l)∼l Sl [Mαi

i ]Sf−1(i))EGNIc (7)

2 Universal Blind Quantum Computing

Now we have a client with the measurement pattern {I,O,G,αi,f,�} who wants
to delegate it to quantum server in order to do some computing in no cryptog-
raphy setting:

• With trusted Server, client sends the description of our pattern: Graph(E, V, I,O)
and {αi}.

• With untrusted Server, in order to hide a delegated computing, we need
to hide these two elements: Graph(E, V, I,O) and {αi}.

The following part tells us that we could find out a general graph to do
any computing by the side of server, which implies we can only consider the
encryption of {αi} after that.

2.1 Universal graph state for MBQC

Define a family of {G, I,O}n such that for any unitary U of size n, ∃Gi to
implement U .

UBQC uses a new family of states called the brickwork states (Figure 3)
which are universal for X − Y plane measurements and thus do not require the
initial computational basis measurements.

Theorem(Universality): The brickwork state Gn×m is universal for
quantum computation. Furthermore, we only require single-qubit measurements
under the angles {0,±π/4,±π/2}, and measurements can be done layer-by-
layer.

Proof. It is well-known that the set U ={ctrl-X,H,π8 } is a universal set of
gates; we will show that the brickwork state can be used to compute any gate
in U. (Figure 4, Figure 5, Figure 6)

Given a quantum circuit, a quantum algorithm in MBQC with Brickwork
state is fully described with n×m dimension of corresponding state and finally
of {αi} over this state.
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Figure 3: The brickwork state, Gn×m. Qubits |ψx,y〉(x = 1, ..., n, y = 1, ...,m)
are arranged according to layer x and row y, corresponding to the vertices in the
above graph, and are originally in the |+〉 = 1√

2
|0〉+ 1√

2
|1〉 state. Controlled-Z

gates are then performed between qubits which are joined by an edge.

Figure 4: Implementation of a Hadamard gate by Brickwork

Figure 5: Implementation of a π
8 gate by Brickwork

Figure 6: Implementation of a Ctrl −X gate by Brickwork

2.2 The UBQC Protocol

2.2.1 Delegated Computing Protocol

1. Client asks server to prepare a n×m Brickwork state;

4



2. Client sends measurement information {αi} to server;

3. Server serves quantum computing.

In this protocol, all our measurement setting will be known by the server,
which is not acceptable for us. In order to hide the information about αi, we
use one-time padding to chose an angle θi randomly.

If αi is described with 3 bits over 8 states, θi can be also chosen over these
8 states and the final encrypted measurement angle is:

E(αi) = αi + θi

But the measurement angle is changed and the computation result is no
longer what we want before.

Mαi
i 6= Mαi+θi

i (8)

Recall the absorption rule:

Z(θ)|±〉 = |0〉 ± eiαeiθ|1〉 = |±α+θ〉mod2π

Mαi
i Z(θ) = Mαi+θ

i (9)

Now we can use equation 9 to rewrite equation 8:

Mαi
i = Mαi+θi

i Z(−θ) = Mαi+θi
i Z(θ) (10)

Because of the commutation rule, we can put the term Z(θ) with the initial
qubit state, that is to say we can do this in the client part. In this way, the
random chose of θi is compensated and we have well hide the measurement
information from the server.

2.2.2 Secure Delegated Computing Protocol

0. Client prepares |+θi〉;

1. Client sends |+θi〉 to server, server entangles |+θi〉 according to n × m
Brickwork state;

2. Client sends measurement information {E(αi) = δi = αi + θi} to server;

3. Server serves quantum computing.

In this protocol, we have hidden the measurement information but in our
CMEN pattern(ex: XS1

2 Mα+θ
i E12N2N

θ
1 ), the value of S1 is not masked here.

The idea to hide the signal value is that we can add another random value r to
get XS1+r

2 . The same way to do the compensation:

XSiMα
i = XSi+rMα+rπ

i

In order to mask a given pattern, we use one-time padding of measurement
angle and output signal and use the following rewrite rule to put the obtained
masked pattern:
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1. α→ α+ θ, Mα
i Ni →Mα+θ

i Nθ
i ;

2. S → S + r, XSMα
i = XS+rMα+rπ

i .

Recall the flow theorem’s CEMN expression in the equation 7:

(
∏

i∈Output
Z

∏
f(l)∼l Sl

i X
Sf−1(i)

i )(
∏

i/∈Output

∑
f(l)∼l Sl [Mαi

i ]Sf−1(i))EGNIc

Focusing on the part about measurement
∑

f(l)∼l Sl [Mαi
i ]Sf−1(i) , the final mea-

surement after the process mask would be:∑
f(l)∼l Sl+rl [Mαi+θi+riπ

i ]Sf−1(i)+rf−1(i) (11)

and the measurement angle would be:

(−1)Sf−1(i)+rf−1(i)αi + θi + riπ +
∑
f(l)∼l

Sl + rlπ (12)

This angle depends on the value of αi, which means that if we don’t give
the α to server, the signal for measurement could not be made. So this inspires
us to change our algorithm in order to interact information between client and
server.
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2.3 Universal Blind Quantum Computation Protocol

Algorithm 1: Universal Blind Quantum Computation Protocol

1 1. Alice’s preparation

2 foreach column x = 1, ..., n do

3 foreach row y = 1, ...,m do
4 1.1 Alice prepares

|ψx,y〉 ∈R{|+θx,y
〉 = 1√

2
(|0〉+ eiθx,y |1〉)|θx,y = 0, π/4, ..., 7π/4}

and sends the qubits to Bob.
5 end

6 end
7 2. Bob’s preparation

8 2.1 Bob creates an entangled state from all received qubits, according to
their indices, by applying ctrl-Z gates between the qubits in order to
create a brickwork state Gn×m.

9 3. Interantion and measurement

10 foreach column x = 1, ..., n do

11 foreach row y = 1, ...,m do

12 3.1 Alice computes φ
′

x,y where sX0,y = sZ0,y = 0.

13 3.2 Alice chooses rx,y ∈R{0, 1} and computes

δx,y = φ
′

x,y + θx,y + πrx,y.

14 3.3 Alive transmits δx,y to Bob. Bob measures in the basis

15 {|+x,y〉, |−x,y〉}.
16 3.4 Bob transmits the result sx,y ∈{0, 1} to Alice.

17 3.5 If rx,y = 1 above, Alice flips sx,y; otherwise she does nothing.

18 end

19 end

Theorem (Correctness) Assume Alice and Bob follow the steps of Uni-
versal Blind Quantum Computation Protocol. Then the outcome is correct.

Theorem (Blidness) Universal Blind Quantum Computation Protocol is
blind while leaking at most (n,m) ((n,m) is the dimension of the brickwork
state).

Proof. Let (n,m) be given. Note that the universality of the brickwork
state guarantees that Bob’s creating of the graph state does not reveal anything
on the underlying computation (except n and m).

Alice’s input consists of

φ = (φx,y|x ∈ [n], y ∈ [m])

with the actual measurement angles

φ′ = (φ′x,y|x ∈ [n], y ∈ [m])
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being a modification of φ that depends on previous measurement outcomes. Let
the classical information that Bob gest during the protocol be

δ = (δx,y|x ∈ [n], y ∈ [m])

and let A be the quantum system initially sent from Alice to Bob.
To show independence of Bob’s classical information, let θ′x,y = θx,y + πrx,y

(for a uniformly randon chosen θx,y) and θ′ = (θ′x,y|x ∈ [n], y ∈ [m]). We have
δ = φ′ + θ′, with θ′ being uniformly random (and independent of φ and/or φ′),
which implies the independence of θ and φ.

As for Bob’s quantum information, first fix an arbitrary choice of δ. Because
rx,y is uniformly random, for each qubit of A, one of the following two has

occurred: 1. rx,y = 0 so δx,y = φ′x,y + θ′x,y and |ψx,y = 1√
2
(|0〉+ ei(δx,y−φ′x,y)|1〉).

2. rx,y = 1 so δx,y = φ′x,y + θ′x,y + π and |ψx,y = 1√
2
(|0〉 − ei(δx,y−φ′x,y)|1〉).

Since δ is fixed, θ′ depends on ψ′ (and thus on ψ), but since rx,y is indepen-
dent of everything else, without knowledge of rx,y (i.e. taking the partial trace
of the system over Alice’s secret), A consists of copies of the two-dimensional
completely mixed state, which is fixed and independent of ψ.
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